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The reactive uptake of gases by a particle is explored by numerically solving the associated partial differential
equations. These equations explicitly couple the diffusion and reaction of multiple species in the particle.
This approach makes it possible to calculate the concentration of each reactant within the particle as a function
of both time and position and to examine the impact of concentration gradients on the rate of uptake. The
effect of liquid diffusion on the rate of uptake is explored for a reference reactigr-(@eic acid particles)

as a function of the particle size and the liquid-state concentration of the species taken up from the gas phase.
Diffusion within the particle is found to significantly limit uptake for large particles and the large gas-phase
concentrations often used in laboratory experiments, although it is typically less important under atmospheric
conditions. This numerical approach to solving the diffustosaction equations is also used to modify the
common electric circuit resistance model for heterogeneous uptake to make it more applicable when diffusion
within the particle is limiting.

Introduction to the overall rate of uptake, including gas-phase diffusion,

Much recent work in atmospheric chemistry has focused on tnérmal accommodation and reaction at the surface, and

identifying and characterizing the composition and chemistry solvation and reacﬂon in the bulk, is represented by a conduc-
of aerosol particles. These aerosols are both natural and!@nCcel. The inverse of each conductancel'lfepresents a
anthropogenic in origin and can significantly impact the resistance to.uptake, and these individual terms can bg combined
climate, local air quality, and human healtithe manner in series or in parallel to represent the overall resistance to
in which aerosols are studied in both the troposphere and UPtake, 1y.

the stratosphere has advanced, including the increasingly To date, the resistor model as generally employed has
widespread use of aerosol mass spectrométért. is now not included diffusion of the liquid reactant in the particle,
possible to obtain detailed information about particle size and although Worsnop et af have recently generalized it for
composition on a near real-time basis and to correlate thesethis purpose. In light of recent experimental resdltdhat
data with measurements of ambient trace gas concentrationsshow the importance of these diffusion processes, we have
The interactions of gas-phase species with aerosol particlesnumerically solved the corresponding coupled differential
are not well understood, however. The ability of gas-particle equations. We use this numerical solution as a benchmark
reactions to change the composition, size, reactivity, and against which to evaluate the ability of the resistor model to
hygroscopicity of particles has made this an active area of describe the rate of reactive uptake for a range of particle sizes
investigation’™® The complexity and diversity of aerosols and diffusion rates. We also derive a modified resistor model,
found in the atmosphere make it difficult to characterize the tpe accuracy of which is verified by using our coupled PDE
kinetics of such gas-particle reactions. However, recent 'abora'approach. This model requires orders of magnitude less
tory studies in which the composition of reacted particles is ¢omputational time than the general numerical solution, yet it
guantitatively monitored have made it possible to measure the proves to be more accurate than current resistor models in

rate of uptake of a gas-phase species by aerosol patfchés.  yoscrining the rate of uptake when limited by diffusion within
These studies have offered insight into the complex processesy, o particle.

governing the uptake of gas-phase species by particles with
application to both laboratory systems and authentic atmospheric .
particles. Mathematical Treatment

One convenient method used to interpret experiments mea-

suring the uptake of a oas-phase species. X. by a condensed- The general solution for the time-dependent concentration
9 1P . gas-phase sp >, 2, DY P » profiles within a reactive particle can only be obtained by
phase species, Y, is the electric circuit resistance, or “resistor,

1315 . .~~~ ' considering the simultaneous diffusion and reaction of each
model: In this model, the rate of each process contributing : - 1719 .
species present within the partiéfe!® Here, we will evaluate
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The uptake of a species, X, from the gas phase by a particle Figure 1 shows the concentration of Y calculated as a function
containing a species, Y, is governed by reaction and diffusion of both the radial position within the particle and the reaction
within the particle: time for two different values of the diffusion constaridy =

1x 107cms1(laand 1b) anDy =1 x 10 %¢cn? s (1c

o[X] 2 and 1d). It is evident in Figure 1a and 1b that the diffusion of
22— p, vAX] — K[X][Y 1 d 1d). 9 and X
ot VX AXIY] (1) Y is faster than the rate of reaction with X and therefore a
uniform concentration of Y is maintained even as it reacts.
a[Y] = DUVAYT — KIXITY 2 Figure 1c and 1d demonstrate the effect that a smBiehas
— = Dy VY] = K[X][Y] (2) . : Heet . :
at on the concentration profile. A gradient in [Y] is established

within the particle, although the reaction still goes to completion
. . . . as X diffuses inward. In this case, the reaction rate is slower,
respective species (in Y), ankb is the second-order rate oy the slow diffusion of Y within the particle acts as an

e Pt ' 1t _ _
coefficient (M~ s) for the reaction between X and Y. qgitional resistance to the reactive uptake of X from the gas
Although other processes can contribute to the rate of uptake, jp oo

we assume that they are fast and are therefore not rate-limiting.” 11q effect of this resistance can be seen in Figure 2 where
The standard resistor model used to describe heterogeneouge tota) concentration of Y in the particle is plotted as a function

uptake makes two assumptions that allow these diffusion ot time for the two values oby. In the limit of fast diffusion

reaction equations to be solved analytically. The first assumption (Dy = 1 x 1077 cr? 573), the resistor model predicts a decay

is that the species X is in steady state, i.e., [X] is not a function o TN e b a10-11 i
of time. The other assumption is that [Y] is not a function of that is linear iny/[YJ/[Y] o vs time; namely:

the position within the particle. These approximations are valid
only when (a) X reacts so quickly with Y that it does not have
the opportunity to diffuse very deeply into the particle, and (b)
Y diffuses quickly enough with respect to reaction that [Y] is

whereDy andDy are the diffusion constants (éra~%) of the

(Y]

3Pt/ D).
[Y]lo

2a,/[Y]o

(5)

4H
IﬁI’XI"I =

uniform throughout the particle. It should be noted that the latter  The initial rate of reactive uptak&,,, can then be obtained
assumption is not valid for viscous species and consequentlyfrom the slope of the data in Figure!@i1.14
the resistor model fails.

In the approach outlined below, we solve the set of coupled xRT 8RT
partial differential equations (egs 1 and 2) numerically so that o VDxkeyI[Y]o= (FP:[YJo)(pre (6)
the assumptions described above are avoided. Nevertheless, to
simplify the equations we assume that the particles are sphericalyhereR is the gas constant, is the temperature, artis the
such that they can be rewritten in spherical polar coordinates mean speed of the gas. Fitting all of the data to eq 5 in this

as manner provides a more precise measure of the rate of uptake
D than is obtained from just the initial slope of [Y] vs time.
M =X ﬁ(rZM) — k[X][Y] (3) On the other hand, when diffusion is slow (as is the case for
gt y2or\ ar 2 Dy = 1 x 10710 cn? s72), the resistor model and eq 5 are no
longer valid as demonstrated by the nonlinear plot in Figure 2.
aY] _ ﬂg( 2@) XY 4 Although the plotted function possesses the correct slope
ot 2 or ' or AXIY] (4) initially, it slows at later times due to the slow diffusion. Since

experimental data often contain sufficient scatter to obscure this

We have solved this set of equations using the numerical nonlinear behavior, a linear fit may still appear to accurately
method of lines technique in Mathematica (v 4.1.0.0, Wolfram describe the rate of decay. If we use such a linear regression to
Research). In solving these equations, we have made theobtain an average slope for the slow diffusion data in Figure 2,
following simplifying assumptions: (1) that the concentration we find that it is approximately seven times smaller than the
of X at the surface of the particle is in equilibrium with the slope for the fast-diffusion data. This slowing is due solely to
gas-phase concentration, (2) that the flux of X at the center of the decrease iBy since all other parameters, including the rate
the particle is zero, and (3) that the flux of Y at both the center constant and the particle size, are the same in both cases.
and the surface is zero. In addition, we have specified that the Consequently, the resistor model underestimBigdy a factor
particle exists initially as a pure droplet of Y with the of 7 if it is used to estimate the initial slope from the average
equilibrium concentration of X at the surface. These assumptionsslope.
are expressed in the corresponding boundary and initial condi- Diffusion, Particle Size, and Surface Concentration.To
tions, namely: (1) [Xdur = HxPx (whereHx is the Henry’s explore the role of diffusion, we calculated pYj] as a function
Law constant for X in Y, andPx is the pressure of X), (2)  of both the particle size and the diffusion constdd, The
X/ orlr=0 = 0, (3) o[Y]/or|r=0 = O[Y)/or|=a = O (where slopes obtained from a linear-least-squares fit to eq 5 were
a is the radius of the particle), (4¥[(t = 0) = [Y]o, and (5) calculated using the resistor model as in Figure 2, and each
[X](t = 0) = HxPx 6(r — &) (whered is the unit step function).  was divided by the slope &t = 0 (when diffusion is not

Effect of Diffusion within the Particle. To investigate the limiting). These normalized slopes, shown in Figure 3, therefore
effect of diffusion of Y within the particle on the uptake of X, represent the slowing effect that decreased diffusion has on the
we varied the diffusion constaridy, over a wide range. Unless  rate of uptake as calculated with the resistor model. When
otherwise indicated, the values of all other relevant parametersdiffusion is fast Dy = 1077 cn? s71) and the particles are larger

were chosen to represent a specific reference reactipnwit®
oleic acid particles), whera = 1 um, Hx = 0.3 M atnt?, Px
=1x 10%atm,Dx = 1 x 10°%cn?s %, andk, = 1 x 10°
M~1s7120with the values used fdiy andDy being estimated
from similar systemg1—23

than 0.5um, there is little dependence on size (less than 5%

deviation), and the normalized rate approaches an upper limit
of one. Under these conditions, the resistor model does a good
job of describing reactive uptake. Interestingly, this rate also

approaches a lower limit~0.1) when diffusion is slow



9584 J. Phys. Chem. A, Vol. 107, No. 45, 2003 Smith et. al.

t/sec.

r/a

Figure 1. Calculated concentration profiles of the condensed-phase species, Y, as a function of time and position within the particle. Parameters
used are:Dx =1 x 10%cm?s L, k, =1 x 10° M7t s, Hx = 0.3 M atnT?, anda = 1 um. (a) and (b):Dy = 1 x 1077 cn? s™*. Fast diffusion

of Y results in a well-mixed particle. (c) and (dPy = 1 x 107%° cn? s7L. Slow diffusion of Y results in a concentration gradient within the
particle, and the rate of reaction is slower than in (a) and (b).
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Figure 2. Calculated decays of [Y] as a function of time for two values ~Figure 3. The dependence of the rate of uptake on the radius of the
of Dy: 1 x 107 cn s tand 1x 1010 cn? st All other parameters particle and the diffusion coefficienDy, where the rate has been

are as in Figure 1. Straight lines represent best fits of the resistor modelnormalized by its value &t= 0. As expected, the larger particles are
and provide estimates of the average rates of uptake using all of theaffected more by slow diffusion than are the smaller ones. The dashed
data. line indicates the lum particle size used in Figures 1 and 2. All

. parameters other thady anda are the same as in Figure 1.
(Dy < 107 cn? s7Y). In this case, the decay represents the

rate of reaction limited by the diffusion of X since it determines Though the decrease in the rate evident for smaller particle
reactant mixing. Here, the resistor model fails to include the sizes & < 0.5 um) and fast diffusion @y > 107° cm? s71)

effects of smallDy and indicates a rate of reaction that is an may seem counter-intuitive, it can be understood in terms of
order of magnitude too small. the large degree of surface curvature. When X enters a small
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. . resistor model to measui&y, from decays of [Y] with no more than
Figure 4. The dependence of the normalized rate of uptake on the 104 error. This value is a function of the particle size and the surface

diffusion coefficient,Dy _(in cn? s7Y), and the surface concentration, concentration of X. The other relevant parametksandDy, are the
[X]sut- The effect ofDy is much more pronounced under laboratory  ggme as in Figure 1.

conditions than those typical of the troposphere.

the diffusion of the condensed-phase species, Y, is slow.

particle, it “sees .the surface In more dlrectlon§ a}nd thus can Inclusion of an additional conductance, recently proposed by
escape more easily before reaction occurs than if it enters a ﬂatWorsnop et allf extends the validity of the resistor model to
surface. This observation has been discussed previously bysmaller values.’oDY'

Hanson et a#* and explains why uptake coefficients measured
for flat surfa}ces in the lab must be corrected when applied to . 16RTD, [Y]
small spherical particles. = L

The effect of Dy is also related to the gas pressuRy,
because the surface concentration of X,s[#]is assumed to
be at its Henry's Law equilibrium value=< HxPx). We This expression was derived by considering the concentration
calculated [Y(,t)] as a function of both [Xd.,sandDy and then gradient of Y within the particle and its effect on the diffusion
used the resistor model to determine the normalized rate ofof Y. This resistor ('Y ) must be coupled with the reaction
uptake, as in Figure 3. These rates, shown in Figure 4, resistor ('), essentially representing a nonlinear differential
demonstrate the strong dependencedgnwhen [X]syr is high equation which cannot be solved analytically. Therefore, part
(3 x 10* M). Because laboratory studies are generally of the simplicity of the resistor model is lost and the solution
conducted at such high concentrations in order to complete thefor [Y] must now be obtained numerically.
reaction in minutes instead of days, diffusion may limit the rate  Though eq 7 accounts for the gradient of Y, it neglects the
of reaction under these circumstances. Thus, for many reactionseffect on the diffusion of X. In the limit of smalDy, Y is
the effects of diffusion may have to be taken into account to essentially stationary and the rate of reaction is determined by
obtain useful uptake coefficients from laboratory experiments, the rate at which X diffuses through Y. The concentration
but they will not be as significant under atmospheric conditions gradient of X within the particle is affected by the sma¥,
where partial pressures are often orders of magnitude lower. resulting in a faster rate of diffusion of X throughout the particle.

Validity of the Resistor Model. The conventional resistor Thus, an accurate description of this limit requires an additional
model assumes that the uptake of X is not limited by the conductance accounting for the increased rate of diffusion of
diffusion of Y within the particle. We are now in a position to X, Which we introduce here:
determine under what conditions this assumption is valid by

()

@~ Pc a

comparing the results of the resistor model to our numerical = 4RT HxDx )
solutions. In Figure 5 we show the minimum value Bf difft = & a1 — ([Y)[Y] 0)1/3]

required to use the resistor model while incurring no more than
10% error in the calculated value of the rate of uptake. This ) o ) ) ] )
minimum Dy is plotted as a function of particle size for g Tths ac;!dltlonal resistor (i) is placed in parqllel with the
ranging from 107 M to 104 M. It should be emphasized that 1T 4 resistor of Worsnop et al., as shown in Figure 6. Thus,
the most general solution to the diffusiereaction equations  the conventional reactive uptake resistof;%, is modified by
requires that the full dependence on all of the relevant the two diffusion resistors, I} and 1I'y,. The conductance
parametersHy, Dx, Px, Dv, k», anda, be taken into consid- Ty represents diffusion of Y toward X, aridy, represents
eration, and thus Figure 5 is strictly valid only for the reference diffusion of X toward Y in addition to that already included in
reaction (Q + oleic acid particles). Use of a smaller rate . When diffusion of Y is fast, uptake will be determined by
coefficient,ky, for example, would proportionally decrease the rgm and I'y,. However, as long adeiﬁ > ['iyn, the rate of
minimum values oDy that would ensure adequate mixing for uptake will be determined b¥x, alone. When diffusion of Y
accurate use of the resistor model. However, this figure providesis slow, uptake is determined by boﬂjjiﬁ and Twn, and the
a useful indication of the conditions under which the diffusion relative weighting of these two resistors is governed by the
of Y can be expected to affect the rate of uptake significantly. magnitude oﬂ‘giﬂ_

Resistor Model Including Diffusion within the Particle. Derivation of Modified Resistor ModelThe expression
Modified Resistor ModelThe conventional resistor model used in eq 8 was derived in the limit that Y does not diffuse at all
to describe reactive uptake is not valid for systems in which and assuming that [X] decays linearly from the surface



9586 J. Phys. Chem. A, Vol. 107, No. 45, 2003

Figure 6. “Resistor” model for uptake of a gas-phase species by a

Smith et. al.
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Figure 8. Calculated decay profiles of [Y] using the numerical PDE
approach <) and various resistor models whéde = 1 x 1071° cn?

particle. Each conductance is normalized to the gas-particle collision s=1 and all other parameters are the same as in Figure 1. The

rate.I'qir represents the rate of diffusion of X to the particks the
sticking coefficient,Sso/kqes represents the rate of solvation into the
bulk, andT's,s and I'xn represent the rates of reaction at the surface
and in the bulk, respectively. In the dual-diffusion model presented in
this work, 1[«, is modified by resistors representing diffusion of Y,
1Y% and diffusion of X, 11, in the particle.
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Figure 7. Concentration profiles of X-f) and Y  -) calculated
with the numerical PDE approach fBx = 0 cn? s™! at three different
reaction timesit=1s,t =5 s, andt = 10 s. The profile of [X] used

to deriverdxiff is also shown for comparison (- - -). Note the close
match between the slopes of the two [X] profiles at the surfalee=
1). All parameters are the same as in Figure 1.

(see Figure 7). A functional form for [X{j can then be written,
and from this an expression for the flux of X entering the particle
can be derived:

() = Py {1 - 2= ©)

dIx H, P
flux, = Dx(%)'r—a - Xﬁ (10)

X _ fluxy =4RT Pl
Lt PCART T a1 - ({[YI}{IYI DY )

wherex is the point at which the two reactants meet. The value
of x is rewritten asa+([Y]/[ Y]0)*® by assuming that the particle

conventional resistor model with only, (- - -) overestimates the rate

of reaction because the diffusion of Y is assumed to be fast. The resistor
model of Worsnop et & (- - -), with both T and Ty, underesti-
mates the rate of reaction because the increase in the diffusion of X is
not included. The dual diffusion model of this work (), including

[, T, andDixn, accurately accounts for diffusion of both X and Y
within the particle.

is completely reacted away outsidexdfut that it is not reacted

at all inside ofx (i.e., [Y] = [Y]oforr < xand [Y] =0 forr

> X). The validity of this assumption is borne out in Figure 7
which shows the concentration profiles of [X] at three different
reaction times obtained with our coupled PDE approach
(with Dy = 0 cn? s71) as well as that predicted by eq 9. For
each time, the slope of [X] at the surface of the particle
(rlfa = 1) is approximated well by the slope of the line given
by eq 9. The resulting expression for the flux, eq 10, therefore
accurately represents the rate of uptake of X in the limit of no
diffusion of Y.

Comparison of Resistor ModelsThe utility of our
“dual-diffusion” modified resistor model is demonstrated in
Figure 8 for the reference reaction with, = 1 x 10710 cn?
s71 (all other parameters are the same as in Figure 1). The
figure shows the decay curves calculated with the conven-
tional resistor model, the Worsnop model (with thd“gy
resistor) and our modified resistor model (with botff;f]ﬁ/
and 1I'%;). The exact solution obtained with the numerical
coupled PDE approach is also shown for comparison.

As with the Worsnop model, our modified resistor system
must be solved numerically. Nevertheless, the numerical
calculation of this resistor model is much less computationally
intensive than the full numerical solution of the coupled set of
PDEs. For example, the solution from the dual-diffusion resistor
model required about 8000 times less CPU time than the
corresponding solution obtained with the PDE approach (0.06
s vs 500 s on a Pentium V, 1.8 GHz computer with 512 MB
RAM).

It is clear that the most complete and accurate treatment
of the simultaneous diffusion and reaction of both X and Y
is obtained by solving the coupled PDEs. However, our
dual-diffusion resistor model offers a computationally
simple alternative to this full solution with improved
accuracy over both the conventional and Worsnop resistor
models.
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